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Abstract
We construct the energy-momentum tensor for the gauge fields which describe
the collective excitations of the quark-gluon plasma. We rely on the description of
the collective modes that we have derived in previous works. By using the conserva-
tion laws for energy and momentum, we obtain three different versions for the tensor
T µν , which are physically equivalent. We show that the total energy constructed
from T 00 is positive for any non-trivial field configuration. Finally, we present a new
non-abelian solution of the equations of motion for the gauge fields. This solution
corresponds to spatially uniform color oscillations of the plasma.
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1 Introduction
The low-lying excitations of the quark-gluon plasma at high temperature are collective
excitations which involve the coherent behaviour of a large number of particles over typical
distances and times of order 1/gT . These excitations can be conveniently described as
oscillations of self-consistent average fields to which the plasma particles couple[1]. We
have shown that, at leading order in the coupling g, the Dyson-Schwinger equations for
the N -point functions (N ≥ 1) reduce to a set of coupled equations for these mean fields
and for 2-point functions. The equations for the 2-point functions describe the dynamics
of the hard plasma particles in the presence of soft background fields; they may be given
the form of simple kinetic equations for generalized on-shell distribution functions[1].
In the present work, we investigate further the properties of the collective modes, in
order to properly characterize their energy-momentum content. We restrict ourselves here
to the case of bosonic collective excitations. Special attention has been payed recently to
this problem[2, 3, 4]. An early attempt to derive the corresponding energy-momentum
tensor T µν can be found in Ref. [2]. There, auxiliary fields are introduced in order to write
a local effective action, for which the Noether construction is available. The expression
for T µν thus obtained is rather intricate and difficult to use. Another approach is used in
Ref. [3], where the plasma is coupled with a weak gravitational field. Again, a complicated
form is obtained for T µν , which makes its physical interpretation difficult. This is true,
in particular, for the terms quadratic in the gauge fields Aµ, which, however, should
be analogous to those corresponding to an abelian plasma. We would certainly expect
the expressions appropriate for the QED plasma to be simple, easy to interpret, and
closely related to the ones corresponding to classical polarizable media. Another difficulty
with the derivation proposed in [3] is that the resulting field energy, P 0 ≡ ∫ d3xT 00,
appears to be negative even for some simple, plane-wave, field configurations, thus casting
doubts on the stability of the equilibrium state. It is, however, verified in [3] that P 0 is
positive for the abelian-like plasma normal modes. A similar, but more general, conclusion
emerges from Ref. [4], where a Hamiltonian for the soft gauge fields is constructed in a
completely different approach[5], by exploiting the analogy between the effective action
for the collective excitations[6, 7, 1] and the eikonal of a Chern-Simons theory. The
resulting functional is positive when evaluated for gauge fields which satisfy the non-
abelian equations of motion without sources, that is, for general, non-abelian, collective
excitations.
As we shall show, our approach overcomes most of the difficulties mentioned above
and has the advantage of offering a transparent physical interpretation. We study a general
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configuration of gauge fields which may be induced by an appropriate external color source
jµa . By using the conservation laws for energy and momentum, we construct the tensor
T µν for such gauge fields. In this procedure, we rely on the explicit expressions for the
retarded non-abelian induced current jindµ that we have obtained in previous works[1].
The essential aspects of our approach are presented in Section 2.
Of course, the construction of T µν from conservation laws does not give a unique
answer, and, in fact, we shall write down three different expressions, which are physically
equivalent:
(i) The first expression, derived in Sec.3.1. and referred simply as T µν generalizes well-
known expressions for classical dielectric media (see, e.g., Refs.[15]), to which it reduces in
the abelian case. The corresponding energy density T 00 is manifestly positive for arbitrary
gauge fields. The same is therefore true for the corresponding field energy P 0.
(ii) The second version for the energy-momentum tensor, referred as T˜ µν , is derived in
Sec.3.2. It is equivalent, but slightly simpler, to the expression obtained by Weldon in
Ref. [2], and differs from it only through a “superpotential”[13]. The components T˜ µi
(i = 1, 2, 3) of this new tensor have a simpler non-local structure than T µi.
(iii) Finally, the third version, derived in Sec.3.3 and denoted as T µνsym, is traceless and
symmetric. This allows us, in particular, to construct the gauge field angular momentum.
In Section 4, we show that the expressions that we have obtained reduce to familiar
ones when specialized to the case of abelian or quasi-abelian plasmas (i.e., in the weak
field limit). In Section 5, we briefly discuss new, truly non-abelian, solutions of the
equations of motion, which correspond to global color oscillations. The main conclusions
are summarized in Section 6.
2 Soft fields and hard particles
We consider an ultrarelativistic quark-gluon plasma close to thermal equilibrum, at a
temperature T = 1/β and zero chemical potential. We use natural units, h¯ = c = 1, and
Minkovski metric. We consider a SU(N) gauge theory with Nf flavors of quarks. The
generators of the gauge group in different representations are taken to be Hermitian and
traceless. They are denoted by ta and T a, respectively, for the fundamental and the adjoint
representation, and are normalized such that tr(tatb) = (1/2)δab and tr(T aT b) = Nδab.
It follows that (T a)bc = −ifabc, where fabc are the structure constants of the group:
[T a, T b] = ifabcT c. We use, without distinction, upper and lower positions for the color
indices.
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As alluded to in the introductory section, we are studying the response of the plasma
to a classical, external, color current jµ ≡ jaµ T a. In the absence of the external source,
the plasma is assumed to be in thermal equilibrium and the expectation values of the
fields vanish. The interaction with the external current is adiabatically turned on from
time t0 → −∞, and the gauge fields acquire then nontrivial expectation values, denoted
by Aaµ(x).
We assume the external perturbation to be weak and slowly varying. Then, the
induced average fields have Fourier components with only soft momenta P ∼ gT , and
their amplitude is constrained so that Fµν <∼ gT 2, or, equivalently, Aµ <∼ T [1]. The latter
limitation on the amplitude of the field oscillations ensures in particular the consistency
of the soft covariant derivatives: if Aµ ∼ T , then gAµ ∼ gT is of the same order as the
derivative of a slowly varying quantity, i∂µ ∼ gAµ. Occasionally, we shall specialize our
results to the case of weaker fields, for which it is consistent to replace covariant derivatives
by ordinary ones; then, Aµ behaves as an abelian gauge field and the equations are linear.
This weak field limit will be referred below as “the abelian regime”. (For a QED plasma,
the equations remain linear even for fields as strong as allowed, i.e., for Aµ ∼ T .)
The gauge fields satisfy the generalized Maxwell equation
[Dν , Fνµ(x) ]
a = jaµ(x) + j
ind a
µ (x), (2.1)
where Dµ = ∂µ + igAµ(x), (Aµ ≡ AaµT a), and Fµν = [Dµ, Dν ]/(ig) = F aµνT a. The
external source jaµ(x) is to be considered as a formal device to generate arbitrary gauge
field configurations. In leading order, the induced current jindµ is proportional to the
fluctuations of the average phase-space color densities of plasma constituents. These
fluctuations are described by color matrices which we denote by δn±(k, x) ≡ δna±(k, x) ta
and δN(k, x) ≡ δNa(k, x) T a for quarks, antiquarks and gluons, respectively. Then
jind aµ (x) = g
∫ d3k
(2π)3
vµTr
{
2Nf t
a [δn+(k, x)− δn−(k, x)] + 2 T a δN(k, x)
}
= g
∫
d3k
(2π)3
kµ
k
{
Nf
[
δna+(k, x)− δna−(k, x)
]
+ 2N δNa(k, x)
}
, (2.2)
where k0 = |k| and the factors of 2 account for the spin degrees of freedom. The quantities
δn± and δN are determined by the following kinetic equations[1]:
[v ·Dx, δn±(k, x)] = ∓ g v · E(x) dnk
dk
, (2.3)
[v ·Dx, δN(k, x)] = − g v · E(x)dNk
dk
. (2.4)
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Here, vµ ≡ (1, v), where v ≡ k/k is the velocity of the hard particle (k ≡ |k|), Ei ≡ F i0
is the chromoelectric field. In the r.h.s., Nk ≡ 1/(exp(βk)− 1) and nk ≡ 1/(exp(βk) + 1)
denote, respectively, equilibrium boson and fermion occupation factors.
Eqs. (2.3) and (2.4) generalize the Vlasov equation to non-abelian plasmas. They
are covariant under a local gauge transformation of the mean fields Aaµ(x); therefore, the
fluctuations δna±(k, x) and δN
a(k, x) transform like vectors in the adjoint representation.
The gauge symmetry requires the presence of covariant derivatives, which makes these
equations non-linear with respect to Aaµ. If we were to solve these equations for a fixed
vµ ≡ (1, v), we could get rid of the non-linear terms by choosing the axial gauge vµAaµ(x) =
0. In this gauge, (v ·D)ab = δab v · ∂ and v · Ea(x) = −v · (∂0Aa +∇Aa0), as for abelian
fields. However, in calculating the induced current (2.2) we have to integrate over all the
directions of v. It is therefore necessary to solve eqs. (2.3)–(2.4) in an arbitrary gauge.
This can be done with the help of the retarded Green’s functions for the covariant line
derivative v ·Dx, defined by
i (v ·Dx)acG cbret(x, y; v) = δab δ(4)(x− y), Gret(x, y; v) = 0 for x0 < y0, (2.5)
and which has the following expression
Gret(x, y; v) = −i θ(x0 − y0) δ(3)
(
x− y− v(x0 − y0)
)
U(x, y). (2.6)
Here, U(x, y) is the parallel transporter along the straight line γ joining x and y,
U(x, y) = P exp{−ig
∫
γ
dzµAµ(z)}. (2.7)
The solution of eq. (2.3) is then
δna±(k, x) = ∓ g
dnk
dk
∫ ∞
0
duUab(x, x− vu)v · Eb(x− vu), (2.8)
with a similar expression for δNa(k, x). From eqs. (2.2) and (2.8), we readily derive the
induced current
jindµ a (x) = 3ω
2
p
∫
dΩ
4π
vµ
∫ ∞
0
duUab(x, x− vu)v · Eb(x− vu), (2.9)
where ωp is the plasma frequency, ω
2
p ≡ (2N + Nf)g2T 2/18. The integral
∫
dΩ runs over
all the directions of the unit vector v. It can be easily verified that jindµ a (x) is covariantly
conserved,
[
Dµ, jindµ (x)
]
= 0. (2.10)
It follows that the external current is constrained by a similar equation, [Dµ, jµ(x)] = 0.
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Eq. (2.9) for the induced current summarizes all the information about the collective
motion of the hard particles in the presence of the soft gauge fields. By using it in the
r.h.s. of eq. (2.1), one obtains a generalization of Maxwell’s equations in a polarizable
medium. Besides , the induced current acts as a generating functional for all the (retarded)
amplitudes between soft gauge fields. For instance, the polarization tensor for soft gluons
is
Πabµν(x, y) =
δjindµ a (x)
δAνb (y)
∣∣∣
A=0
, (2.11)
which gives (with P µ = (p0, p))
Πabµν(P ) = 3ω
2
p δ
ab
{
−δ0µδ0ν + p0
∫
dΩ
4π
vµ vν
v · P + iη
}
. (2.12)
This is the well-known “hard thermal loop” for the gluon self-energy[8, 9, 10, 12]. In the
weak field limit, the tensor Πµν fully characterizes the dielectric properties of the plasma
For strong fields, Aµ ∼ T , all N -gluons amplitudes with N ≥ 2 contribute to the induced
current (2.9) at the same order in g[11, 12, 1].
The induced current may be given a different functional form which will be used
later. We start by defining a new function, W µ(x; v), as the solution to
[v ·Dx, W µ(x; v)] = F µρ(x) vρ, (2.13)
which vanishes when x0 → −∞. We have W µ =W µa T a, with
W µa (x; v) =
∫ ∞
0
duUab(x, x− vu)F µρb (x− vu) vρ, (2.14)
and the induced current (2.9) can be rewritten as
jindµ a (x) = 3ω
2
p
∫
dΩ
4π
vµW
0
a (x; v). (2.15)
In the case of an abelian plasma, eW µ has a simple physical interpretation: it represents
the 4-momentum transferred by the electromagnetic field to a particle of charge e and
velocity v, moving along a straight line from time t0 → −∞ to x0. (The transferred
momentum ∼ gT is small compared to the hard momentum k ∼ T , so that the particle
is not significantly deviated by the Lorentz force.) From eq. (2.14) it is obvious that
vµW
µ
a (x; v) = 0. (2.16)
The functions W µa (x; v) are homogeneous of degree zero as functions of v
µ, i.e.,
vν
∂W µa (x; v)
∂vν
= 0. (2.17)
5
(In taking derivatives with respect to vµ, as in eq. (2.17), we consider the four components
of vµ as independent variables, and set vµ = (1,v) only after derivation.) This is obvious
from the defining equation (2.13), and can be also verified on eq. (2.14) by using the
identity
vν
∂
∂vν
f(x− vu) = −u (v · ∂x)f(x− vu). (2.18)
We prove now that the expressions (2.9) or (2.15) for the induced current are equiv-
alent to the following one
jindµ a (x) =
3
2
ω2p
∫
dΩ
4π
[
W aµ (x; v) + vµ
∂W ρa (x; v)
∂vρ
]
, (2.19)
which also appears, with sligthly different notations, in the last of Refs.[1] (as eq. (C.15)).
To show the equivalence, we note first that eq. (2.17) implies
∂W ρa (x; v)
∂vρ
=
∂W ia(x; v)
∂vi
−
(
vi
∂
∂vi
)
W 0a (x; v). (2.20)
Then, we use eq. (2.16) to replace W 0a (x; v) by v ·Wa(x; v) in (2.20), and obtain
∂W ρa (x; v)
∂vρ
= W 0a (x; v) +
(
∂
∂vi
− ∂
∂vj
vivj
v2
)
W ia(x; v). (2.21)
The second term in the r.h.s. vanishes upon angular integration, so that
∫
dΩ
4π
∂W ρa (x; v)
∂vρ
=
∫
dΩ
4π
W 0a (x; v). (2.22)
This proves the equivalence between the time components (µ = 0) of eqs. (2.15) and
(2.19). The corresponding proof for the spatial components is similar.
3 Energy-momentum tensor from conservation laws
The energy-momentum tensor Tµν(x) of the collective excitation satisfies the following
conservation law
∂µ T
µν(x) = −F νµa (x) jaµ(x), (3.1)
for fields satisfying (2.1). This equation may be viewed as the thermal average of the
conservation law formally satisfied by the corresponding field operators in the presence of
the external perturbation jaµ. (Since no ultraviolet divergence appears at the level of the
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present approximation[12, 1], we can safely ignore all the complications concerning the
finiteness of Tµν(x) in perturbation theory[13].) Note, however, that we shall not derive
Tµν(x) by directly evaluating the expectation value of some local composite operator
(e.g., the canonical energy-momentum tensor associated to the QCD lagrangian), but,
rather, by integrating the conservation law (3.1). This is possible because, in the present
approximation, all the dynamical information is contained in the equation of motion (2.1)
for the gauge fields, and we know, from eqs. (2.9) or (2.19), the explicit expression of the
induced current in terms of the fields.
In order to construct the tensor T µν , it is convenient to separate the standard Yang-
Mills contribution, by writing
T µν(x) ≡ T µνYM(x) + Θµν(x), (3.2)
with
T µνY M(x) ≡ −F µρa (x)F νa ρ(x) +
1
4
gµν F αβa (x)F
a
αβ(x). (3.3)
The tensor (3.3) satisfies the structural equation
∂µ T
µν
YM(x) = − [Dµ, Fµρ(x) ]a F νρa (x). (3.4)
In deriving this equation, the following identity is useful:
∂µ(A
aBa) = [Dµ, A]
aBa + Aa [Dµ, B]
a. (3.5)
We use now the equations of motion (2.1) for F µν to transform eq. (3.4) into
∂µ T
µν
YM(x) = −F νρa (x) (jaρ (x) + jind aρ (x)). (3.6)
By comparing eqs. (3.1), (3.2) and (3.6), we conclude that Θµν(x) satisfies
∂µΘ
µν(x) = F νµa (x) j
ind a
µ (x). (3.7)
In the next sections we shall use either eq. (2.15) or eq. (2.19) for jindµ in order to write
the r.h.s. of eq. (3.7) as a total derivative of some gauge-invariant functional of the fields,
and identify in this way Θµν(x).
The tensor Tµν thus defined will satisfy, by construction, the conservation law (3.1),
and will vanish for large negative times. Accordingly, the 4-momentum constructed from
it,
P ν(t) ≡
∫
d3xT 0ν(t,x), (3.8)
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will coincide, at any time, with the correct 4-momentum of the collective excitation, which
is obtained by integrating the conservation law
∂0 P
ν(t) = −
∫
d3xF νµa (x) j
a
µ(x). (3.9)
(In priciple, this equation determines P ν(t), given the initial condition P ν(t→ −∞) = 0.
Recall that the external sources and the average fields are assumed to vanish at t→ −∞).
Of course, the tensor Tµν thus obtained is not unique, since any two tensors which would
differ by a divergence-free piece, and lead to the same P µ, would be equally acceptable.
We shall indeed present in this section three different versions of the energy-momentum
tensor.
3.1 A positive definite energy density
Eq. (2.15) for jindµ allows us to write the r.h.s. of eq. (3.7) as
F νµa (x) j
ind a
µ (x) = 3ω
2
p
∫ dΩ
4π
F νµa (x) vµW
0
a (x; v)
= 3ω2p
∫ dΩ
4π
[v ·Dx, W ν(x; v)]a W 0a (x; v), (3.10)
where eq. (2.13) for W ν(x; v) has been used in the second line. For ν = 0, this can be
easily written as a total derivative,
Ea(x) · j inda (x) = 3ω2p
∫
dΩ
4π
[
v ·Dx, W 0(x; v)
]a
W 0a (x; v)
= ∂µΘ
µ0(x), (3.11)
with the definition
Θµ0(x) ≡ 3
2
ω2p
∫
dΩ
4π
vµW 0a (x; v)W
0
a (x; v), (3.12)
where the identity (3.5) was used. After adding T µ0YM(x), eq. (3.3), we end up with the
following expressions for the energy density
T 00(x) =
1
2
(
Ea(x) · Ea(x) + Ba(x) ·Ba(x)
)
+
3
2
ω2p
∫ dΩ
4π
W 0a (x; v)W
0
a (x; v), (3.13)
and for the energy flux density, or Poynting vector, Si ≡ T i0,
S(x) = Ea(x)×Ba(x) + 3
2
ω2p
∫
dΩ
4π
v W 0a (x; v)W
0
a (x; v). (3.14)
The chromomagnetic field components are, as usual, Bia(x) ≡ −(1/2)ǫijk F jka (x).
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The expression (3.13) for T 00(x) is manifestly positive semidefinite and the same is
obviously true, at any time t, for the excitation energy E(t),
E(t) ≡
∫
d3xT 00(t, x) = EYM(t) + W(t). (3.15)
Note that
EYM(t) ≡
∫
d3x
1
2
(Ea(x) ·Ea(x) + Ba(x) ·Ba(x)) (3.16)
also involves medium effects, since Ea(x) and Ba(x) are the total gauge fields, including
the plasma polarization. The second piece of (3.15),
W(t) ≡ 3
2
ω2p
∫
d3x
∫
dΩ
4π
W 0a (x; v)W
0
a (x; v), (3.17)
may be interpreted as the polarization energy of the plasma, that is, the energy transferred
by the gauge fields to the plasma constituents as mechanical work of the chromoelectric
field. This becomes more obvious if eq. (3.11) is used to reexpress W(t) as
W(t) =
∫ t
−∞
dt′
∫
d3xEa(t′, x) · j inda (t′, x). (3.18)
One can easily verify – by explicitly performing the integral over t′ in the r.h.s. – that
eq. (3.18) leads indeed to the expression (3.17) for W(t) if eq. (2.15) for the induced
current is used.
The positivity of the polarization energy (3.17), and hence of the total excitation
energy (3.15), reflects the stability of the equilibrium state with respect to long wavelength
color fluctuations.
We briefly discuss now the other components of the energy-momentum tensor Θµν(x).
We can write eq. (3.7) as
∂µΘ
µν(x) =
∫ dΩ
4π
F νµa (x)J aµ (x; v), (3.19)
where, according to eq. (2.15), J µa (x; v) ≡ 3ω2p vµW 0a (x; v). We denote by Πν(x; v) the
solution to
(v · ∂x) Πν(x; v) = F νρa (x)J aρ (x; v), (3.20)
which vanishes for x0 → −∞, that is,
Πν(x; v) =
∫ ∞
0
dτF νρa (x− vτ)J aρ (x− vτ ; v). (3.21)
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It is then easy to see that
Θµν(x) =
∫
dΩ
4π
vµΠν(x; v) (3.22)
satisfies eq. (3.19). For ν = 0, the integral over τ in (3.21) can be easily performed, with
the result Π0(x; v) = (3/2)ω2pW
0
a (x; v)W
0
a (x; v). By inserting this result in eq. (3.22), we
recover our previous expression for Θµ0(x), eq. (3.12). The physical content of the function
Πν(x; v) is transparent: it represents the density of the total 4-momentum transferred from
the fields to the hard particles with velocity v from time → −∞ to x0. In particular,
Θ0ν(x) is simply the angular average of Πν(x; v) over the possible orientations of v.
The expression (3.22) for Θµν(x), though formally simple, involves generally a double
integral along the hard particle trajectory (see eqs. (3.21) and (2.14)). We shall construct
in the following section a different expression for the energy-momentum tensor, which
involves a single integral along the trajectory.
3.2 Another expression for T µν
We use now the second version for the induced color current jindµ a , eq. (2.19), in order to
construct another energy-momentum tensor, T˜ µν(x) ≡ T µνY M(x) + Θ˜µν(x), different from
the one obtained in Sec.3.1, but physically equivalent.
When using eq. (2.19) for jindµ a , the r.h.s. of eq. (3.7) reads
F νµa (x) j
ind a
µ (x) =
3
2
ω2p
∫
dΩ
4π
{
F νµa (x)W
a
µ (x; v) + F
νµ
a (x) vµ
∂W ρa (x; v)
∂vρ
}
. (3.23)
In the first term inside the brakets, we express F νµa (x) in terms of the functions W
µ
a (x; v),
using the identity
[Dν , W µ(x; v)] − [Dµ, W ν(x; v)] = F µν(x) + ig [W µ(x; v),W ν(x; v)]. (3.24)
(To prove this identity, act on eq. (2.13) with the covariant derivative Dν . Then, consider
the similar equation where the indices µ and ν have been interchanged, and take the
difference of the two equations. The identity (3.24) follows after some repeated use of the
Jacobi identity.) We obtain
F νµa (x)W
a
µ (x; v) = [D
µ, W ν(x; v)]aW aµ (x; v) −
1
2
∂ν (W ·W ) , (3.25)
with the notation W ·W ≡W aµ (x; v)W µa (x; v). For the second term in the r.h.s. of (3.23),
we use eq. (2.13) for W aµ (x; v) to write
F νµa vµ
∂W ρa
∂vρ
= [v ·Dx, W ν ]a ∂W
ρ
a
∂vρ
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= (v · ∂x)
(
W νa
∂W ρa
∂vρ
)
− W νa
[
v ·Dx, ∂W
ρ
∂vρ
]a
. (3.26)
By using eq. (2.13) once again, we see that
∂
∂vρ
[v ·Dx, W ρ(x; v)]a = ∂
∂vρ
(F ρµa (x) vµ) = 0, (3.27)
so that
F νµa vµ
∂W ρa
∂vρ
= ∂µ
(
vµW νa
∂W ρa
∂vρ
)
+ W νa [D
µ, Wµ]
a. (3.28)
By adding together eqs. (3.25) and (3.28), we finally obtain
F νµa (x) j
ind a
µ (x) = ∂µ Θ˜
µν(x), (3.29)
with
Θ˜µν(x) ≡ 3
2
ω2p
∫ dΩ
4π
{
W µa W
ν
a + v
µW νa
∂W ρa
∂vρ
− 1
2
gµν
(
W ·W
)}
. (3.30)
The polarization energy density associated to (3.30), which is
Θ˜00(x) =
3
2
ω2p
∫
dΩ
4π
{
W 0a W
0
a + W
0
a
∂W ρa
∂vρ
− 1
2
(
W ·W
)}
, (3.31)
is different from the previous expression in Sec. 4, eq. (3.12). In particular, the expression
above is not manifestly positive. One advantage of the new tensor above is that eq. (3.30)
offers, for the components (µ, i), a simpler non-local structure then eq. (3.22).
It is possible to show that the energy-momentum tensor T˜ µν(x) is physically equiv-
alent to that proposed by Weldon in Ref.[2]. Indeed, the difference between the two
tensors is the total derivative of an antisymmetric tensor of rank 3. To be specific, we
have T˜ µν(x)− T µνW (x) = ∂ρXρµν(x), with
Xρµν(x) ≡ 3
2
ω2p
∫
dΩ
4π
{(
vρ Vµa (x; v) − vµ Vρa(x; v)
)
W νa (x; v)
}
, (3.32)
and Xρµν(x) = −Xµρν(x). Here, T µνW (x) denotes Weldon’s tensor and the functions
Vµa (x; v) satisfy, by definition, the following equation:
[v ·Dx, Vµ(x; v)]a = W µa (x; v). (3.33)
Eq. (3.32) is obtained by first transforming Weldon’s original expression with the help of
the identity (3.24).
The tensors Θµν and Θ˜µν constructed up to now are not symmetric, which is not
surprising since the indices µ and ν enter disymmetrically in the conservation law (3.7),
on which our derivation is based.
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3.3 A traceless and symmetric tensor
We construct now a symmetric tensor, starting again from eq. (3.7), but using in its r.h.s.
the expression (2.2) for the induced current, which we write as
jind aµ (x) = g
∫
d3k
(2π)3
kµ
k
δfa(k, x), (3.34)
with
δfa(k, x) ≡ Nf
[
δna+(k, x)− δna−(k, x)
]
+ 2N δNa(k, x). (3.35)
The r.h.s. of eq. (3.7) reads then
F νµa (x) j
ind a
µ (x) = g
∫
d3k
(2π)3
F νµa (x) vµ δf
a(k, x). (3.36)
We use the simple identity
F νµa (x) vµ = F
iµ
a (x)
∂
∂ki
(vν kµ), (3.37)
(recall that vν = kν/k0 and k0 = |k|), and an integration by parts, to rewrite (3.36) as
F νµa (x) j
ind a
µ (x) = − g
∫
d3k
(2π)3
vν F iµa (x) kµ
∂
∂ki
δfa(k, x). (3.38)
Let δǫ(k, x) be the solution to
(v · ∂x) δǫ(k, x) = −g F iµa (x) kµ
∂
∂ki
δfa(k, x), (3.39)
which vanishes when x0 → −∞. Then
δǫ(k, x) = Nf
[
δǫ+(k, x) + δǫ−(k, x)
]
+ 2N δǫg(k, x), (3.40)
with obvious notations, and eq. (3.38) becomes
F νµa (x) j
ind a
µ (x) = ∂µΘ
µν
sym(x), (3.41)
where
Θµνsym(x) ≡
∫ d3k
(2π)3
vµ vν
{
Nf [δǫ+(k, x) + δǫ−(k, x)] + 2N δǫg(k, x)
}
(3.42)
is a traceless symmetric tensor. The same is therefore true for the corresponding energy-
momentum tensor T µνsym(x) ≡ T µνY M(x) + Θµνsym(x). Remark that, in the weak field limit,
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δǫ(k, x) is quadratic with respect to the gauge fields (see eq. (3.39)), as opposed to
δfa(k, x) which, in the same limit, is linear in Aµ.
The symmetry of T µνsym(x) allows us to construct a simple density for the generalized
angular momentum of the gauge fields:
Mλµν(x) ≡ xµ T λνsym(x) − xν T λµsym(x). (3.43)
It can be verified, by using eq. (3.1), that Mλµν(x) satisfies the correct conservation law
∂λM
λµν(x) = −
(
xµ F νλa (x) − xν F µλa (x)
)
jaλ(x), (3.44)
where one recognizes in the r.h.s. the torque applied to the system by the external current.
Since Mλµν(x) vanishes when x0 → −∞, the total angular momentum is correctly given
by
Jµν(t) =
∫
d3xM0µν(x), (3.45)
for any t.
The vanishing trace of T µνsym(x) reflects the dilatation invariance of the massless
tree-level QCD lagrangian. At the level of the present approximation, there is no break-
ing of the dilatation symmetry, neither by radiative corrections (via the regularization
procedure), nor by a thermally induced mass, which is negligible for the hard particles.
4 Applications
In this section we use the general expressions derived in Sec.3 to study the energy transfer
in the plasma and the energy-momentum content of particular excited states. We consider
mostly the weak field, or abelian, limit, where the components of T µν are quadratic in the
gauge potentials. We show that, in this particular limit, our expressions are the straight-
forward generalization of the corresponding formulae in the standard plasma physics.
Moreover, any solution of the abelian gauge field and kinetic equations can be
directly imbedded in the corresponding non-abelian equations. That is, let Aµ(x) and
W 0(x; v) be solutions to the coupled abelian equations
∂νFνµ(x) − 3ω2p
∫
dΩ
4π
vµW
0(x; v) = jµ(x), (4.1)
and
(v · ∂x)W 0(x; v) = v · E(x). (4.2)
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Then, Aaµ(x) ≡ λaAµ(x) and W 0a (x; v) ≡ λaW 0(x; v), with constant λa, satisfy the cor-
responding non-abelian equations, (2.1) and (2.13), for an external source pointing in a
fixed direction in color space, jaµ(x) = λ
ajµ(x). This property extends the corresponding
one for classical Yang-Mills equations in vacuum (see, e.g., Ref. [14]).
A slightly more general field configuration for which the general solution is still
trivial corresponds to gauge fields in the Cartan subalgebra of SU(N), that is, Ai(t) ≡∑
sA
i
s(t)T
s, where the indice s takes onN−1 values corresponding to theN−1 commuting
generators T s of SU(N). Then, clearly, F µνs = ∂
µAνs − ∂νAµs , and F µνa = W µa = jµa = 0
for a 6= s. The non-trivial components Aµs , W µs and jµs satisfy abelian-like equations, as
eqs. (4.1)–(4.2) above. Hence, the problem reduces itself to N − 1 independent abelian
theories.
In subsection 4.1, we briefly discuss the case of static gauge fields. In the following
subsection, we investigate the energy transfer between fields and particles and, in partic-
ular, the energy dissipation through the Landau mechanism. Finally, in subsection 4.3,
we consider some interesting special field configurations, namely, time-periodic fields and
abelian plasma waves.
4.1 Static field configurations
We consider a field configuration induced by a static external color density ρa(x). We
choose a gauge where the potentials Aaµ are time-independent. In this case, it is useful to
reexpress W 0a (x; v), eq. (2.14), as a function of the gauge potentials themselves
W 0a (x; v) = −Aa0(x) +
∫ ∞
0
duUab(x, x− vu) v · A˙b(x− vu), (4.3)
where A˙a(x) ≡ ∂0Aa(x). For a static field configuration, A˙a(x) = 0 and
W 0a (x; v) = −A0a(x). (4.4)
It follows that the induced current (2.15) reduces to a static color distribution
jindµ a (x) = − gµ0 3ω2p A0a(x) ≡ − gµ0 ρinda (x). (4.5)
Then, the gauge field equations (2.1) become simply
[Di, E
i(x)] + 3ω2p A
0(x) = ρ(x),
ǫijk[Dj , B
k] = i g [A0, Ei]. (4.6)
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The first equation above clearly shows the Debye screening of the static chromoelectric
field, with the screening length λD = 1/(3ω
2
p)
1/2. Note also that the chromomagnetic field
induced by a static color charge is generally not zero in a non-abelian theory. Furthermore,
Θ00(x) =
3
2
ω2p A
0
a(x)A
0
a(x) = −
1
2
ρinda (x)A
0
a(x). (4.7)
In analogy with what is commonly done in abelian plasmas, (see Appendix), we define
the color polarization vector Pa(x) by [Di, P i(x)]a ≡ ρinda (x), and construct the color
displacement vector Da(x) ≡ Ea(x) +Pa(x). Then, the polarization energy (3.17) can be
written as
W =
∫
d3xΘ00(x) = −1
2
∫
d3x [Di, P i(x)]aAa0(x) =
1
2
∫
d3xEa(x) ·Pa(x), (4.8)
as familiar in electrostatics of classical dielectric media[15]. (We used here Eia(x) =
[Di, A0(x)]a for static fields, together with eq. (3.5) and an integration by parts.) The
total field energy follows:
E = 1
2
∫
d3x
(
Ea(x) ·Da(x) + Ba(x) ·Ba(x)
)
. (4.9)
For an abelian plasma, we can solve the equation
(−∆ + 3ω2p)A0(x) = ρ(x) (4.10)
to get the gauge field
A0(x) =
∫
d3y
4π
ρ(y)
R
e−R/λD , (4.11)
where R ≡ |x − y|. Then, the field energy can be expressed in terms of the external
charge, with the standard result
E = 1
2
∫
d3x
(
E2(x) + 3ω2p A
2
0(x)
)
=
1
2
∫
d3p
(2π)3
ρ(p) ρ(−p)
p2 + 3ω2p
. (4.12)
For a non-abelian plasma, the non-linear structure of the generalized Maxwell equa-
tions (4.6) does not allow such a simple elimination of the gauge fields in terms of ρa.
4.2 Energy transfer and Landau damping
When studying time-dependent field configurations, there is a new feature arising: the
imaginary part of the polarization tensor (2.12) is non-vanishing, which indicates that
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there is dissipation of the gauge field energy in the medium. To investigate this, both for
abelian and non-abelian fields, we compute the rate of energy absorbtion by the plasma
constituents (see eq. (3.18)):
dW(t)
d t
=
∫
d3xEa(t, x) · j inda (t, x). (4.13)
Consider first an abelian-like plasma, in which case the general description in Sec.2
reduces to the standard Maxwell equation in a polarizable medium[16]. For simplicity,
consider a time-periodic field
E(t, p) = E(p) eηt cosω0t, (4.14)
with η → 0+ and both ω0 and p ≡ |p| of order gT . Then, a simple calculation shows that
the average energy loss of the field, that is, the expectation value of eq. (4.13) over the
period T0 = 2π/ω0, is proportional to the imaginary part of the dielectric tensor[16]:〈
dW
d t
〉
=
1
2
∫ d3p
(2π)3
ω0E
i(−p)
(
Im ǫij(ω0, p)
)
Ej(p). (4.15)
(The definition of ǫij , as well as its relation with the polarization tensor, are reviewed in
Appendix). In our case, eqs. (A.12) and (2.12) show that
Im ǫij(ω, p) = 3 π
ω2p
ω
∫ dΩ
4π
vi vj δ(ω − v · p), (4.16)
and we obtain the average energy loss as
〈
dW
d t
〉
=
3
2
π ω2p
∫
d3p
(2π)3
∫
dΩ
4π
δ(ω0 − v · p)
∣∣∣v · E(p)∣∣∣2. (4.17)
This expression is obviously positive: on the average, the fields transfer energy to the
particles. This energy dissipation is related to the Landau damping of the mean fields[16],
that is, to the coherent transfer of energy in between the gauge fields and the hard particles
which are moving in phase with the field oscillations. As the δ function clearly shows, the
dissipation is kinematically allowed only for fields carying space-like momenta (i.e., when
ω0 = v · p).
The energy given by the fields to the colored particles is ultimately supplied by the
external source, that is
〈
dW
d t
〉
= −
〈∫
d3xE(x) · j(x)
〉
, (4.18)
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as shown by the conservation law (3.1) (the local piece dEYM/dt averages to 0). Therefore,
in order to compute the energy loss of a given external source, one just has to replace the
electric field Ei in eq. (4.15) in terms of the current jµ, by solving the Maxwell equation
(2.1). In the abelian regime, this can be easily done by Fourier analysis, and leads to
the following expression for the average energy loss of the time-periodic external current
j(p) cosω0t:〈
dW
d t
〉
= −1
2
∫
d3p
(2π)3
ω0
{ |ρ(p)|2
p2
Im
1
ǫl(ω0, p)
+
|jt(p)|2
ω20
Im
1
ǫt(ω0, p)− p2/ω20
}
. (4.19)
Here, ω0 ρ(p) = −ip·j(p), as required by the current conservation, while jt(p) is the trans-
verse component of j(p), i.e., jit(p) = (δ
ik − pˆipˆk) jk(p). The longitudinal and transverse
pieces of ǫij are defined in Appendix (eqs. (A.13)–(A.15)).
Clearly, eq. (4.19) also holds for non-abelian field configurations such that the space-
time and the color degrees of freedom decouple, that is, for the imbedded abelian solutions
to eq. (2.1) with a color source ja(t,p) = λaj(t,p), and constant λa. (The only modifi-
cation consists in a supplimentary factor λaλa in the previous equation.) An expression
similar to (4.19) has been used in Refs. [18, 19] in order to compute the energy loss in
the plasma of an external parton, which is assimilated to a classical point-like colored
particle, moving with constant velocity v, and therefore giving rise to a current
ja(ω, p) = 2π λa v δ(ω − v · p). (4.20)
Clearly, the energy loss calculated according to eq. (4.19) accounts only for the energy
transferred by the external source to the hard particles, through its coupling to the collec-
tive modes. This is indeed the dominant process for long wavelength and low frequency
excitations. However, these conditions are not satisfied for the whole range of momenta
involved in the source (4.20). Strictly speaking, when used with such external sources, all
our previous integrals over p should involve an ultraviolet cut-off of order gT .
To close this subsection, we return to the general case of an arbitrary non-abelian
gauge field configuration (with |Aaµ| <∼ T ) and compute the total energy absorbed by the
plasma during the life-time of the excited state:
∆W ≡
∫ ∞
−∞
dt
dW
d t
=
∫ ∞
−∞
dt
∫
d3xEa(t, x) · j inda (t, x). (4.21)
This quantity is well defined if we assume that the external perturbation is switched off
adiabatically at t→∞. It coincides, of course, with the t→∞ limit of the polarization
energy W(t) given by eq. (3.18). By using eq. (2.9) for j inda , we obtain, after some
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elementary changes in the integration variables,
∆W = 3
2
ω2p
∫
dΩ
4π
∫
d4xv · Ea(x)
∫ ∞
−∞
duUab(x, x− vu)v · Eb(x− vu). (4.22)
This quantity vanishes if
∫ ∞
−∞
duUab(x, x− vu)Eib(x− vu) = 0, (4.23)
for arbitrary x, v and i. For fixed v, we may choose the axial gauge vµAaµ = 0. Then
eq. (4.23) becomes
0 =
∫ ∞
−∞
duEia(x− vu) =
∫
d4p
(2π)4
e−ip·x δ(p0 − v · p)Eia(p0,p). (4.24)
As it should be valid for any x, eq. (4.24) implies Eia(p
0 = v · p,p) = 0, which is the
condition for absence of Landau damping. More generally, eq. (4.23) characterizes the
non-abelian gauge fields which propagate without dissipation. It is one of the conditions
invoked in Ref.[1] in order to write a well-defined effective action for the soft gauge fields.
4.3 Plasma waves
We start by reconsidering the periodic field (4.14) and assume that E(p) = 0 if |p| > ω0,
so that there is no dissipation. The average, over the period T0, of the polarization energy
W(t), eq. (3.17), is
〈W〉 = 3
4
π ω2p
∫
d3p
(2π)3
∫
dΩ
4π
∣∣∣v · E(p)∣∣∣2
(ω0 − v · p)2 . (4.25)
The angular integral can be easily evaluated (see eqs. (A.21) and (A.23)). After adding
the Yang-Mills contribution,
〈EYM〉 = 1
4
∫
d3p
(2π)3
{∣∣∣E(p)∣∣∣2 + 1
ω20
∣∣∣p× E(p)∣∣∣2
}
, (4.26)
we derive the following expression for the averaged value (over T0) of the total field energy
E(t) = EYM(t) +W(t):
〈E〉 = 1
4
∫ d3p
(2π)3
{[
1 + 3
ω2p
p2
a(ω0/p)
] ∣∣∣El(p)∣∣∣2 +
[
1 +
p2
ω20
+ 3
ω2p
p2
b(ω0/p)
] ∣∣∣Et(p)∣∣∣2
}
.(4.27)
The coefficients a(ω0/p) and b(ω0/p) are given in eq. (A.23). They are both positive for
ω0/p > 1. Furthermore, E(p) ≡ El(p) + Et(p), with p · Et(p) = 0.
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The coefficients in eq. (4.27) can be related to the derivatives of the dielectric ten-
sor (A.12) with respect to ω. Indeed, by using eqs. (A.14)–(A.15) for ǫl, t(ω, p), it is
straightforward to verify that eq. (4.27) coincides with
〈E〉 = 1
4
∫
d3p
(2π)3
{
d
dω0
[
ω0ǫl(ω0, p)
]∣∣∣El(p)∣∣∣2 + d
dω0
[
ω0(ǫt(ω0, p)− p2/ω20)
]∣∣∣Et(p)∣∣∣2
}
. (4.28)
A similar expression holds for ordinary polarizable media[15].
The previous discussion can be easily generalized to study the abelian plasma waves,
i.e., the solutions to eq. (4.1) without external sources. The decomposition of an arbitrary
electric field in terms of normal modes is of the form
E(t, x) =
∫
d3p
(2π)3
e ip·x
∑
s=l,t
{
es(p) e
−iωs(p)t + e ∗s (−p) eiωs(p)t
}
, (4.29)
where the frequencies ωs(p) are solutions of the dispersion equations
ǫl(ωl(p), p) = 0, and ǫt(ωt(p), p) = p
2/ω2, (4.30)
for longitudinal and transverse modes, respectively[9, 10, 20]. Note that ωl(0) = ωt(0) =
ωp and ωl, t(p) > p, for any p, and hence the normal modes propagate without damping.
By using the dispersion relations (4.30), and eqs. (A.17)–(A.18), we easily obtain
the energy of the field (4.29) as
E =
∫ d3p
(2π)3
{(
3ω2p
ω2l (p)− p2
− 1
)
el(p) · e ∗l (p)
+
(
3ω2p
ω2t (p)− p2
+
p2
ω2t (p)
− 1
)
et(p) · e ∗t (p)
}
. (4.31)
As expected, this is time-independent. The coefficients in eq. (4.31) are inversely propor-
tional to the residues zl, t(p) of the effective propagators (A.4) at the appropriate poles
(see eqs. (A.6) and (A.20)). Since the energy (4.31) is positive, the same holds for the
residues zl, t(p); this can be also verified directly by using the formulae given in Appendix.
It is quite straightforward to verify that the second expression for the energy density,
i.e. eq. (3.31), leads to the same excitation energy. More interestingly, eq. (3.30) allows
us to compute easily the total 3-momentum of the field configuration (4.29). We obtain:
P =
∫ d3p
(2π)3
{
p
ωl(p)
(
3ω2p
ω2l (p)− p2
− 1
)
el(p) · e ∗l (p)
+
p
ωt(p)
(
3ω2p
ω2t (p)− p2
+
p2
ω2t (p)
− 1
)
et(p) · e ∗t (p)
}
. (4.32)
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We have used here eq. (A.22) in Appendix, as well as the dispersion relations for the
normal modes, eqs. (4.30).
Physically more transparent expressions for the energy and the momentum of the
plasma waves are obtained by expressing them in terms of the gauge potentials which
correspond to the field (4.29). We use the normal modes decomposition
Aµ(x) =
∫
d3p
(2π)3
2∑
λ=0
z
1/2
λ (p)√
2ωλ(p)
{
ǫµ(p;λ) aλ(p) e
−ip·x + ǫ∗µ (p;λ) a
∗
λ (p) e
ip·x
}
, (4.33)
where λ = 0 corresponds to the longitudinal mode, λ = 1, 2 to the transverse ones,
p0 = ωλ(p), and the polarization vectors ǫ
µ(p;λ) are defined in Appendix. In terms of
aλ(p) and a
∗
λ(p), the plasma wave energy and momentum become simply
E =
∫
d3p
(2π)3

ωl(p) al(p) a∗l (p) + ωt(p)
∑
λ=1,2
aλ(p) a
∗
λ(p)

 , (4.34)
and, respectively,
P =
∫
d3p
(2π)3

p al(p) a∗l (p) + p
∑
λ=1,2
aλ(p) a
∗
λ(p)

 . (4.35)
The interpretation of the two equations above in terms of the color elementary oscillations
is obvious.
5 Global color oscillations
In this section we study particular non-abelian solutions to the field equations which
are uniform in space, i.e., which describe global color oscillations of the plasma. For
convenience, we choose the temporal gauge, A0a(x) = 0. Therefore, A
µ
a(x) ≡ (0,Aa(t)).
For such fields, it is useful to work with the following representation for W 0a (x; v):
W 0a (x; v) = −v ·Aa(x) −
∫ ∞
0
duUab(x, x− vu) (v · ∇x)
(
v ·Ab(x− vu)
)
. (5.1)
This can be derived from eq. (4.3), by noting that U(x, x − vu) satisfies the equation
∂
∂u
U(x, x− vu) = − i g U(x, x− vu) v · A(x− vu), (5.2)
where Aµ ≡ Aµa T a. For fields which do not depend on spatial coordinates, we have simply
W 0a (t; v) = −v ·Aa(t). (5.3)
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From eq. (2.15), one obtains then ρinda (t) = 0 and j
ind
a (t) = −ω2pAa(t), and, using the
definition (3.12),
Θ00(t) =
1
2
ω2pA
a(t) ·Aa(t). (5.4)
This expression of Θ00 is very similar to that obtained in the static case, eq. (4.7); in
particular, both eqs. (4.7) and (5.4) are local functionals of the fields. The color electric
and magnetic fields are
Ea(t) = − dA
a
dt
Ba(t) =
g
2
fabcAb(t)×Ac(t). (5.5)
Using these expressions, we obtain a simple expression for the total energy density in
terms of the vector potentials
T 00(t) =
1
2
(
dAa
dt
· dA
a
dt
+ ω2pA
a ·Aa
)
+
g2
4
fabc fade
(
Ab ·Ad
) (
Ac ·Ae
)
. (5.6)
Eq. (5.4), together with the other components of the energy-momentum tensor, can also
be obtained from Θµνsym given in Sec.3.3. Indeed, for A
µ
a(x) = (0,A
a(t)), eqs. (3.39) and
(3.42) imply
Θµνsym = 3ω
2
p
∫
dΩ
4π
vµ vν
{
2
(
v ·Aa
)(
v ·Aa
)
− 1
2
Aa ·Aa
}
, (5.7)
and it is easily verified that Θ00sym = Θ
00. Furthermore, Θ0isym = 0 and
Θijsym = ω
2
p
{
4
5
AiaA
j
a −
δij
10
Aa ·Aa
}
. (5.8)
The external color sources which are needed to generate the field configuration can
be determined from the equations (2.1) which take here the form
ρ(t) = i g
[
Ai,
dAi
dt
]
, (5.9)
and
ji(t) =
d2Ai
dt2
+ ω2pA
i + g2
[ [
Ai, Aj
]
, Aj
]
. (5.10)
Note that these equations differ from the corresponding classical Yang-Mills equations in
the vacuum only by the presence of a mass term ∼ ω2p Aia for the vector potential.
In what follows, we look for self-sustained global color oscillations, i.e., solutions
to the equations (5.9)–(5.10) with vanishing external sources (ρ(t) = ji(t) = 0). The
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corresponding equations in the vacuum have been extensively investigated, mostly for the
SU(2) color group[21]. However, as we shall see, the presence of the mass term ωp ∼ gT
dramatically affects the dynamical content of these equations. Besides, the respective
solutions for the high temperature quark-gluon plasma have direct physical relevance, as
they represent possible collective excitations of the system. The physical interpretation
of the corresponding excitations in the confining regime is more obscure.
The condition ρ(t) = 0 implies, according to eq. (5.9), the commutativity of the
color matrices Ai(t) ≡ Aia(t)T a and A˙i(t) ≡ (dAia/dt)T a. We shall consider here two
non-trivial possibilities:
(i) The vectors {Aia(t)} and {A˙ia(t)} are parallel in color space for any i, which implies
Aia(t) = Aia hi(t) (no summation over i), with constant Aia and arbitrary functions hi(t).
(ii) The color matrices Ai(t) belong to the Cartan subalgebra of SU(N), Ai(t) ≡ ∑sAis(t)T s.
(Recall the discussion at the beginning of Sec.4.1.) If N = 2, (ii) is just a particular case
of (i).
We consider now the consequences of the second set of equations, that is, ji(t) = 0
for all i, on the two possibilities mentioned above.
(i) For gauge potentials of the form Ai(t) = Ai hi(t), (Ai ≡ AiaT a), the normal
modes equations ji = 0 give generally non-linear and coupled second-order differential
equations. As an example, consider SU(2), where fabc = ǫabc, (a = 1, 2, 3), and the
particular field configuration in which Aia = δia. Then, the functions hi(t) satisfy
d2h1
dt2
+ ω2p h1 + g
2 h1 (h
2
2 + h
2
3) = 0, (5.11)
plus two similar equations for h2(t) and h3(t). The associated energy density,
T 00 =
1
2
∑
i


(
dhi
dt
)2
+ ω2p h
2
i

 + g2
2
(
h21 h
2
2 + h
2
1 h
2
3 + h
2
2 h
2
3
)
, (5.12)
is an integral of the motion and acts as an effective Hamiltonian for the functions hi(t).
Contrary to what happens at zero temperature, where ωp = 0, here the energy conser-
vation prevents any trajectory {hi(t)} from getting too far away from the origin in the
3-dimensional space with axis hi.
Periodic solutions to eqs. (5.11) can be easily written down in the particular case
where all the three colors oscillate in phase: h1 = h2 = h3 ≡ h (“white oscillations”). The
function h(t) satisfies then the non-linear equation
h¨ + ω2p h + 2 g
2 h3 = 0, (5.13)
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which has the following solution
h(t) = hθ cn
(
Ωθ(t− t0); k
)
, (5.14)
for the initial conditions h(t0) = hθ and h˙(t0) = 0 (the overdots indicate time derivatives).
Here, cn(x; k) is the Jacobi elliptic cosine of argument x and modulus k, and t0 is the
arbitrary origin of the time. The quantities k, hθ and Ωθ are related to the dimensionless
parameter θ2 ≡ (g2/ω4p)T 00 by
k =
1√
2
[
1 −
(
1 +
8
3
θ2
)−1/2]1/2
, (5.15)
hθ =
ωp√
2g
[(
1 +
8
3
θ2
)1/2 − 1]1/2, (5.16)
and
Ωθ = ωp
(
1 +
8
3
θ2
)1/4
. (5.17)
The solution (5.14) is periodic, with period
Tθ = 4
Ωθ
K(k), (5.18)
where K(k) is the complete elliptic integral of modulus k. Since |h(t)| <∼ T , then θ <∼ 1
and Tθ is of order of T0 ≡ 2π/ωp. The associated field strenghts are Eia = −δia h˙, and
Bia = g h
2 δia. Therefore, the vectors Ea and Ba are parallel for any a.
Other non-abelian solutions to eqs. (5.11) are discussed in Ref. [22].
(ii) For gauge fields in the Cartan algebra, Ai(t) ≡ ∑sAis(t)T s, the commutator
entering eq. (5.10) is trivially zero, so that the normal mode equation reduces to
d2Ais
dt2
+ ω2pA
i
s = 0. (5.19)
Its general solution has the form
Ais(t) = Ais cosωpt + Bis sinωpt, (5.20)
with arbitrary constants Ais and Bis. A particular solution of this type for SU(3) is
A(t) = T 3 a cosωpt + T
8 b sinωpt, where a and b are fixed vectors in coordinate space.
This describes coupled oscillations in both coordinate and color spaces, with an energy
density
T 00 =
1
2
ω2p
(
a2 + b2). (5.21)
In particular, ai = bi corresponds to global color rotations in the plane T 3 − T 8.
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6 Conclusions
In this work we have studied the energy and the momentum of a general soft gauge field
configuration describing collective excitations of the quark-gluon plasma. Our derivation
relies on the explicit formulae that we have obtained previously for the induced current
expressing the plasma response to the soft gauge fields. The simplicity of these expressions
allowed us to construct three different, but physically equivalent, versions for the tensor
T µν , which are gauge-invariant and rather simple. One of these versions is symmetric (and
traceless), which allowed us to simply obtain the gauge field angular momentum. We have
shown that the total excitation energy is positive, for arbitrary gauge fields. We have also
verified that, for particular abelian field configurations, our general expressions reduce to
well-known formulae from classical plasma physics. Finally, we have analyzed the global
color dynamics of the plasma and given a particular non-linear solution which describes a
truly non-abelian excitation (the plasma white oscillations). The specific examples that
we have considered in the last two sections illustrate, in particular, the utility of our
general expressions for T µν for various applications.
Appendix
In this appendix we discuss the leading order effective propagator for soft gluons,
together with some related topics, like the dielectric permitivity tensor for gauge plasmas
and the polarization vectors for the gluonic normal modes.
As already discussed in Sec. 2, the dominant contribution to the polarization ten-
sor for soft gauge fields is given by Πµν(P ), eq. (2.12), and satisfies P
µΠµν(P ) = 0,
consequence of the conservation law (2.10). The soft gluon propagator is therefore
∗D−1µν (P ) ≡ D−10µν(P ) + Πµν(P ) [11, 12]. In order to invert this expression, it is use-
ful to decompose Πµν(P ) into longitudinal and transverse components (relative to p)[10]:
Πµν(P ) ≡ Πl(p0, p)Pµνl + Πt(p0, p)Pµνt , (A.1)
where the projection operators Pµνl, t satisfy
PµPµνl = PµPµνt = 0, Pµνl + Pµνt = (P µP ν/P 2)− gµν ,
Pµρl Pl ρν = −Pµl ν , Pµρt Pt ρν = −Pµt ν , Pµρl Pt ρν = 0, (A.2)
with P 2 = p20 − p2 and pˆi = pi/p. The explicit forms of the functions Πl, t(p0, p) follow
easily from eqs. (A.1)–(A.2) and (2.12); they can be inferred from eqs. (A.14)–(A.15)
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below. Then, the gluon propagator is
∗Dµν(P ) = −Pµνl ∗∆l(P ) − Pµνt ∗∆t(P ) +
1
λ
P µP ν
P 4
, (A.3)
in a covariant gauge with gauge fixing parameter λ (λ = 1 in Feynman gauge). Here
∗∆−1l (P ) ≡ P 2 − Πl(p0, p), ∗∆−1t (P ) ≡ P 2 − Πt(p0, p), (A.4)
are the effective inverse propagators for longitudinal and, respectively, transverse gluons.
They vanish on the mass-shell for soft quasi-gluons, thus defining the corresponding dis-
persion relations, which we denote by ±ωs(p), with s = l or t. The mass-shell residues
are defined by the relation
∗∆s(ω, p) ≡ 1
ω2 − p2 −Πs(ω, p) ≈
zs(p)
ω2 − ω2s(p)
, (A.5)
where the approximate equality holds in the vicinity of the pole. It follows that
z−1s (p) =
1
2ωs(p)
d
dω
∗∆−1s (ω, p)
∣∣∣
ωs(p)
. (A.6)
As discussed in Sec.4.3, after eq. (4.31), the residues zs(p) are positive functions.
Let us construct now covariant gauge polarization vectors appropriate for the lon-
gitudinal (ǫµ(p ; 0)), and, respectively, for the transverse (ǫµ(p ;λ), λ = 1, 2) soft normal
modes. They satisfy
∗D−1µν (ωλ(p),p) ǫ
ν(p;λ) = 0, (A.7)
where ωλ(p) is equal to ωl(p) for λ = 0 and, respectively, to ωt(p) for λ = 1, 2. By
writting ǫµ(p;λ) = (0, ǫ(p;λ)), it follows that Pµ ǫ
µ(p;λ) = 0, for λ = 0, 1, 2 and p0 =
ωλ(p); furthermore, p · ǫ(p;λ) = 0, for λ = 1, 2, and (δij − pˆipˆj)ǫj(p; 0) = 0. With the
normalization ǫ(p;λ) · ǫ∗(p;λ′) = − δλλ′ , we obtain
ǫµ(p; 0) = β(p) (1, pˆωl/p), β(p)β
∗(p) = p2/(ω2l − p2), (A.8)
and
ǫµ(p;λ) = (0, ǫ(p;λ)), p · ǫ (p;λ) = 0, ǫ (p;λ) · ǫ ∗ (p;λ′) = δλλ′ , (A.9)
for λ = 1, 2. Note also that
∑
λ=1,2
ǫµ(p;λ) ǫν ∗(p;λ) = Pµνt , ǫµ(p; 0) ǫν ∗(p; 0) = Pµνl . (A.10)
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The soft gluon effective propagator (A.3) is intimately related to the dielectric per-
mitivity tensor, commonly used in classical plasma physics to describe the polarization
properties of the plasma. In the weak field (or the abelian) limit, where the plasma re-
sponds linearly, (i.e., jindµ = Πµν A
ν), we can use the standard definition of ǫij [16]. The
polarization vector P(ω, p) satisfies, by definition, −iωP(ω, p) ≡ j ind(ω, p), and also
ip · P(ω, p) = −ρind(ω, p), because of the continuity equation for jindµ , eq. (2.10). The
linear relation between the displacement vector D(ω, p) ≡ E(ω, p) + P(ω, p) and the
electric field defines the dielectric tensor:
Di(ω, p) ≡ ǫij(ω, p)Ej(ω, p). (A.11)
It follows immediately that
ǫij(ω, p) = δij − 1
ω2
Πij(ω, p). (A.12)
For isotropic dielectric media, ǫij has only two independent components, and it is useful
to choose them as the longitudinal and the transverse dielectric functions, defined by
ǫij(ω, p) = ǫl(ω, p) pˆ
ipˆj + ǫt(ω, p)
(
δij − pˆipˆj
)
. (A.13)
From this relation, together with eqs. (A.12) and (2.12), it follows that
ǫl(ω, p) = 1 − 1
ω2 − p2 Πl(ω, p) = 1 − 3
ω2p
p2
[
Q(ω/p) − 1
]
, (A.14)
ǫt(ω, p) = 1 − 1
ω2
Πt(ω, p) = 1 − 3
2
ω2p
p2
[
1 − ω
2 − p2
ω2
Q(ω/p)
]
, (A.15)
where
Q(x) ≡ x
2
ln
x+ 1
x− 1 =
x
2
(
ln
∣∣∣x+ 1
x− 1
∣∣∣ − i πθ (1− |x|)) , (A.16)
and the prescription x→ x+ iη, η → 0+, has been understood in writting the imaginary
part of Q(x). Remark the imaginary parts in ǫl, t(ω, p), which occur for |ω| < p, as
expected. From eqs. (A.14), (A.15) and (4.30), we derive
d
dω
(ω ǫl(ω, p))
∣∣∣
ωl(p)
= ωl(p)
dǫl
dω
∣∣∣
ωl(p)
=
3ω2p
ω2l (p)− p2
− 1, (A.17)
and, similarly,
d
dω
[
ω
(
ǫt(ω, p)− p2/ω2
)]
ωt(p)
= ωt(p)
d
dω
(
ǫt(ω, p)− p2/ω2
) ∣∣∣
ωt(p)
=
3ω2p
ω2t (p)− p2
+
p2
ω2t (p)
− 1. (A.18)
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The dielectric functions are related to the inverse effective propagators, as shown by
eqs. (A.4) and (A.14)–(A.15),
∗∆−1l (ω, p) = (ω
2 − p2) ǫl(ω, p), ∗∆−1t (ω, p) = ω2 ǫt(ω, p)− p2. (A.19)
From the defining relation of the residues, eq. (A.6), it follows that
ωl(p)
dǫl
dω
∣∣∣
ωl(p)
=
2ω2l (p)
ω2l (p)− p2
z−1l (p),
ωt(p)
d
dω
(
ǫt(ω, p)− p2/ω2
) ∣∣∣
ωt(p)
= 2 z−1t (p). (A.20)
Note finally the following angular integrals, which are needed in Sec.4.3 in order to
compute the energy and the momentum of the plasma waves:
∫
dΩ
4π
vi vj
(ω − v · p)2 =
a(ω/p)
p2
pˆi pˆj +
b(ω/p)
p2
(δij − pˆi pˆj), (A.21)
and
∫ dΩ
4π
vi vj
(ω − v · p)3 =
c(ω/p)
p3
pˆi pˆj +
d(ω/p)
p3
(δij − pˆi pˆj). (A.22)
These results are valid for ω > p. In these formulae
a(x) ≡ 1 + x
2
x2 − 1 − 2Q(x), b(x) ≡ Q(x) − 1, (A.23)
and
c(x) ≡ 1
x
{
Q(x) −
(
1− 1
x2 − 1
)
x2
x2 − 1
}
, d(x) ≡ 1
2x
(
x2
x2 − 1 − Q(x)
)
, (A.24)
with Q(x) given by (A.16). For x > 1, the functions a(x), b(x), c(x) and d(x) are all
positive and vanish only in the limit x→∞.
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